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Abstract. The abstract interpolation problem (AIP) in the Schur class was 
posed V. Katznelson, A. Kheifets and P. Yuditskii in 1987 as an extension of 
the V.P. Potapov's approach to interpolation problems. In the present paper an 
analog of the AIP for Nevanlinna classes is considered. The description of solutions 
of the AIP is reduced to the description of L-resolvents of some model symmetric 
operator associated with the AIP. The latter description is obtained by using the 
M.G. Krein's theory of L-resolvent matrices. Both regular and singular cases of 
the AIP arc treated. The results are illustrated by the following examples: bitan- 
gential interpolation problem, full and truncated moment problems. It is shown 
that each of these problems can be included into the general scheme of the AIP. 



1. Introduction 

The abstract interpolation problem (AIP) was posed by V. Katznelson, A. Kheifets 
and P. Yuditskii in [25] as an extension of the V.P. Potapov's approach to interpo- 
lation problems [27]. In a sense the problem consists in contractive "embedding" of 
some partial isometry V acting in a structured Hilbert space 7i@ £ into a model 
unitary operator acting in a space TC W © C, where 7i w is the de Branges-Rovnyak 
space corresponding to an operator valued function (ovf) w from the Schur class 
S(C). A description of the set of all ovf w G S(C) for which such an "embedding" is 
possible were reduced in [23] to the description of all scattering matrices of unitary 
extensions of a given partial isometry V ([7]). In a number of papers it was shown 
that many problems of analysis, such that the bitangential interpolation problem 
[26j, moment problem [29], lifting problem [31], and others can be included into the 
general scheme of AIP. 

In the present paper we consider a parallel version of AIP for Nevanlinna class. 
The class N[C] consists of all ovf on C + U C_ with values in the set [£] of bounded 
linear operators in L such that m(A) = m(A)* and the kernel 



1.1) N-(A) = m(A) - m{u) 



A — to 

is nonnegative on C+. Then the kernel N™(A) is also nonnegative on C + U C_ 
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In introduction we restrict ourselves to the case when dim C < oo and identify £ 
with the space C d where the standard basis is chosen. Then every ovf m G N dxd : = 
iV[C d ] can be considered as a d x d matrix valued function (mvf). Let 7i(m) be 
the reproducing kernel Hilbert space (see [13], [I]) which is characterized by the 
properties: 

(1) N™(A)w G H(m) for all u G C \ R and u G C d ; 

(2) for every / G TC(m) the following identity holds 

(1.2) (/(•), N:(A)«) H(m) =«7H, ^GC\R, M GC d . 

The AIP in the class N dxd can be formulated as follows. 

Let A 1 be a complex linear space, let B\, B 2 be linear operators in X, let C\, C 2 
be linear operators from X to C d , and let K be a nonegative sesquilinear form on 
<Y which satisfies the following identity 

(Al) K(B 2 h,B l9 ) - K(B 1 h,B 2 g) = (d/i, C 2 <?)c« - (C 2 h,C x g) cA 
for every h,g G X. Consider the following 

Problem AIP(B h B 2 , C x , C 2 , K). Let the data set (B u B 2 , d, C 2 , K) satisfies the 
assumption (Al). Find a mvf m G N dxd such that for some linear mapping F : 
X — > TC(jn) the following conditions hold: 

" C1/1 



(CI) (FB 2 h)(X) - A(F5 1 /i)(A) = [ 7 -m(A) ] 

(C2) ||F/i||?, M < if 
for all /iGl 

Clearly ker K" = {h £ X : K(h, h) = 0} is a linear subspace of Af. Let H be the 
completion of the factor-space X = X /ker K endowed with the scalar product 

(1.3) [h,g) n = K(h,g), h = h + ker K, g = g + ker K, h,g G X. 

It follows from (Al) that the linear relation 



A 



B x h 
dh 



B 2 h 
C 2 h 



■hex 



is symmetric in 7i © C d . The main result of the paper is the following description 
of all the AIP solutions m. 

Theorem 1. Let the data set (B\, B 2 ,C\,C 2 , K) satisfies the assumption (Al) and 
let ran C 2 = C = C d . Then the Problem AIP(B U B 2 , C u C 2 , K) is solvable and the 
set of its solutions is parametrized by the formula 



:i-4) 



m(\) 




' h " 








_ A I d 





P C (A - A) 
Ic 



(h + XP^A-X)- 1 !^- 1 , 



where A ranges over the set of all selfadjoint extensions of A with the exit in a 
Hilbert space TC © C D 7i © C The corresponding linear mapping F : X — > 7i((p, ip) 
is given by 

(1.5) (Fh)(X) = P C (A - X)- 1 ^, heX. 

Due to Theorem 1 the description of all solutions m of the AIP(B\, B 2 , C\, C 2 , K) 
is reduced to the problem of description of all £-resolvents of the linear relation A. 
The latter description has been obtained by M.G. Krein in [31] (see also [3"3"]). 
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In order to apply this theory to the linear relation A we will impose additional 
assumptions on the data set (B x , B 2 , C\, C 2 , K). 

( A2) dim ker K < oo and X admits the representation 
(1.6) X = + ker if, 



: Xn C H -> C 



such that BjXq C X (j = 1,2). 
(A3) B 2 = Ix and the operators B\\x : <^o C 7i — > H, Ci\x , C 2 \x 
are bounded. 

The continuations of the operators Bi\x , Ci\x , C 2 \x wn l be denoted by B\ G [H], 

C 1 ,C 2 e[H,Q. 

Denote by N dxd the set of Nevanlinna pairs {p, q} of d x d mvfs p(-), q(-) holo- 
morphic on C \ R such that: 

(i) the kernel N£«(A) = g ( A )* p ^ ~ |W!gM ig nonnegative on C+; 

(ii) q(X)*p(X) - p(A)*g(A) = 0, A G C \ R; 
(hi) 0ep(p(A)-Ag(A)), AgC ± . 

In the regular case (ker if = {0}) the set of ^-resolvents Pc{A — \)~ 1 \c of A can be 
described by the formula (see [30], [33] ) 

(1.7) P C (A- \y l I c = (w n (X)q(X) + w 12 (X)p{X)){w 21 {X)q{X) + w 22 (X)p{X))~\ 

where {p, q] G N dxd and W = [wij(X)]f „- =1 is an C— resolvent matrix of A which 
can be calculated explicitly in terms of the data set (see (I4.34p ). Combining (11. 4p 
and (11.71) one obtains the following 

Theorem 2. Let the AIP data set (B 1 , B 2 , d, C 2 , K) satisfy (Al), (A3), ker if = 
{0} and ran C 2 = £ = C d and let 



'U 



9(A) 



MA) 012(A)' 

^21 (A) 22 (A) 



X 



c 2 . 



(I n - XB,)- 1 [-C+ C+]. 



Then the formula 

(1.9) m(X) = (9 n (X)q(X) + 9 12 (X)p(X))(9 21 (X)q(X) + 22 (A)p(A))-\ 

establishes the 1-1 correspondence between the set of all solutions m of the AIP and 
the set of all equivalence classes of Nevanlinna pairs {p, q} G N(C). 

The operators C^, C 2 in (11.81) are adjoint operators to G\, C 2 : H — > C, that is 

(C+u, h) H = (it, C 3 h) c (j = l,2,heH,ue£). 



Let the matrix J G C 2dx2d be given by 

J = 



-il d 
il d 



The mvf O(A) belongs to the Potapov class (see [37]), i.e. O(A) has the following 
J-property 

J - W(X)JW(Xy 



A- A 



> for all A G C \ : 
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In the singular case the formula (11.7j) gives a description of all £-resolvents of the 
linear relation 



B x h 
dh 



B 2 h 
C 2 h 



:heX 



To obtain a description of all £-resolvents of A(d A q ) one should consider in (jl.7p 
only those Nevanlinna pairs {p, q} G N(C) for which A D A(d Aq). We show that 
after the replacement in (j 1.9 ft of 0(A) by the Q(\)V, where V is an appropriate 
J-unitary matrix, the formula (11.91) gives a description of all the solutions of the 
AIP when {p, q} ranges over the set of all Nevanlinna pairs of the form 



1.10) 



p(A) 



0„ 






Pi (A) 









?i(A). 



{pi,Qi}eN d 



where v = dim Cker K. 

All these results are formulated in the paper in a more general situation, when 
the mvf m is replaced by a Nevanlinna pair {ip, ip}. Moreover, we do not suppose, 
in general, that dim£ < oo. 

The paper is organized as follows. In Section 2 we recall the definition of the class 
N(C) of Nevanlinna pairs from [6], [18]. To each selfadjoint linear relation A and a 
scale spaces £ we associate a Nevanlinna pair {(p, ip} by the formula 

(1.11) V(A) :=Pc{A-\y l \c, <p(\) :=/ £ + AP £ (^-A)- 1 |£,AGp(l). 

Conversely, given a Nevanlinna pair {ip,ip} normalized by the condition p(A) — 
Ag(A) = Id we construct a functional model for a selfadjoint linear relation A((p, ip), 
such that the pair {if, ip} is related to A(ip, ip) via (11. lip . In the case when the pair 
{ip,ip} is equivalent to a pair {1^, m} with m e -^V[>C], functional model A(m) for 
this symmetric operator was given in [6] (see also |17j). Conditions when the model 
A((p, ip) is reduced to A{m) are discussed. In Sections 3 and 4 we formulate the AIP 
in the classes N[C] and N(C) and give a complete description of its solutions under 
some additional restrictions on the data set both in the regular and singular cases. 
The results of the paper are illustrated in Section 5 with an example of bitangential 
interpolation problems in the classes N dxd and N dxd , reduced there to the AIP with 
appropriately chosen data set. These problems have been studied earlier in p$6j, [6], 

[2H], [in], [2u, m- 

Mention, that the Arov and Grossman's description of scattering matrices of uni- 
tary extensions of an isometry V in [7] used in the Schur type AIP is an analog of 
M.G. Krem's description (11. 7p of ^-resolvents of a symmetric operator [30]. One 
of the goals of this paper is the formulation of the AIP, where the M.G. Krein's 
formula (11.71) works directly. In particular, we use the example of the full moment 
problem to show that the reduction of this problem to the Nevanlinna type AIP 
is more natural and simpler than that in [29] , where the reduction of the moment 
problem to the Schur type AIP was performed. 

Another goal of the paper was to elaborate the operator approach to singular 
AIP. This approach is illustrated with an example of singular truncated moment 
problem, where we discuss the results of [llj and explain them from our point of 
view. 

The paper is dedicated to the centennial of M.G. Krein. 
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2. Functional model of a selfadjoint linear relation 
2.1. Nevanlinna pairs. Let £ be a Hilbert space. 

Definition 2.1. A pair {$,\&} of [£]-valued functions $(•)? ^(') holomorphic on 
C \ M is said to be a Nevanlinna pair if: 

(i) the kernel 

A — U! 

is nonnegative on C + ; 

(ii) (A)*$(A) - $(A)*tf (A) = 0, A G C \ R; 

(iii) Oep($(A)-A$(A)),AeC ± . 

Two Nevanlinna pairs {$, and {$1,^1} are said to be equivalent, if $i(A) = 
$(A)x(A) and ( A) = l I / (A)x(A) for some operator function x(-) G [H], which 
is holomorphic and invertible on C + U C_. The set of all equivalence classes of 
Nevanlinna pairs in C will be denoted by N(C). We will write, for short, {$, G 
N(C) for Nevanlinna pair {$, ty}. 

A Nevanlinna pair {$, will be said to be normalized if $(A) — A\&(A) = In- 
Clearly, every Nevanlinna pair {$, is equivalent to the unique normalized Nevan- 
linna pair {(f, if)} given by 

(2.1) (p(X) = $(A)($(A) - A#(A))-\ ^(A) = ^(A)($(A)-A^(A))" 1 . 
The set N(C) can be identified with the set of Nevanlinna families (see [18J) 

(2.2) r(A) = {{$(A)u, ^(A)m} : it g £}, {$, ^} G N{C). 

Define the class N(C) as the set of all Nevanlinna pairs {$, G N(C) such that 
ker$(A) = {0} for some (and hence for all) A G C \ R. The set N[C] can be 
embedded in N(£) via the mapping 

m G N[C] i-> {/£,m} G iV(£). 



2.2. Nevanlinna pair corresponding to a selfadjoint linear relation and a 
scale. Let fj, L be Hilbert spaces, let A be a selfadjoint linear relation in f) © £ 
and let Pc be the orthogonal projection onto the scale space C. Define the operator 
valued functions 

(2.3) ^(A) := - A)^| £ , <p{\) := J £ + AP £ (^ " ^U, A G p(i). 

Proposition 2.2. TTie pazr 0/ operator valued functions {ip,ip}, associated with a 
selfadjoint linear relation A and the scale £ is a normalized Nevanlinna pair. 

Proof. Consider the kernel 



(2.4) 
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It follows from (j2T5]) - (j2^ that 



N*(A) 



^(A)-V(w) 



(2.5) 



P, 



A 



A — c<j 
PcR\PhRu\c 



-^(A)^H 



£ — PcR\PjcRq\c 



and hence the kernel N^(A) is nonnegative. 

The property (ii) is easily checked, <f(\) — A^A) = I c and, hence, the pair {0, ip} 
is a normalized Nevanlinna pair. □ 

Definition 2.3. The pair of operator valued functions determined by (12. 3f) will be 
called the Nevanlinna pair corresponding to the selfadjoint linear relation A and the 
scale £. 



Remark 2.4. Definition 12.31 is inspired by the notion of the Weyl family of a sym- 
metric operator corresponding to a boundary relation, see [TjJ]. Namely, the Nevan- 
linna pair {ip,ip} determined by (12.31) generates via (12. 2p the Weyl family of the 
symmetric linear relation S = A R (7t © Ti), corresponding to the boundary relation 



G A 



The proof of Proposition l2~2l is contained in [T9l Theorem 3.9]. Moreover, it is shown 
in [19] that the converse is also true, every Nevanlinna family generates via ( 12. 2ft 
the Weyl family of a symmetric linear operator S. In the case when the pair {(p, ip} 
is equivalent to a pair {l£,m} with m G -ZV[£], functional model A(m) for this 
symmetric operator S was given in [U] (see also [T7]). 

In the following theorem we give another functional model of a selfadjoint lin- 
ear relation A recovered from a Nevanlinna pair. Consider the reproducing kernel 
Hilbert space 7i($, \l/), which is characterized by the properties: 

(1) N**(A)m G *) for all uj G C \ R and u G £; 

(2) for every / G TC(&, ^) the following identity holds 

(2.6) </(•), N^H^pl/H,^ ^GC\ 



It follows from ( 12.61) that the evaluation operator J5(A) : / 
a bounded operator from 7f($, VP) to £. 

Theorem 2.5. Lei {$, G N(£). Then the linear relation 



I, u G £. 

/(A) (/eW(*,*))is 



;2.7) 



./ 

u 



r 



u' 



fJ'eH(^),u,u'e£, 
/'(A)-A/(A) = $(A)*u-*(A)V 

zs a selfadjoint linear relation in T~C(<&, \&) © £ and the normalized pair {(p, if)} given 
by (12.11) is the Nevanlinna pair corresponding to and £. 



Proof. Step 1. Let us show that A($, \l/) contains vectors of the form 



:2.8i 



{F^u, F' u u} :- 



N w (-)« 



K G £, wGC + U 
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where N^(-) = N* (•) and the restriction A' of to the span of vectors 

{F^u, F^u} is a symmetric linear relation. 
Indeed, it follows from (12.71) and the equality 

(w - A)l\L(A)w = $(A)*tf(w) - (A)*$(w) 

that {F^,F>} G i($,^). 

For arbitrary Uj G C \ IR, Uj £ £ (j = 1, 2) one obtains 

(wi N wi (-)ui, N W2 (-) W 2> W ($^) - (N wl (0wi>w 2 N W3 (-)it2) W ( ft) < t ) 
+ mut)u h ^(uj 2 )u 2 ) c - (^(^i)ui, ®(uj 2 )u 2 ) c 

= (wi -W2)(N Ui (w 2 )mi,«2)£ - (($(w2)*#(wi) - *(o) 2 )*$(a;i))wi,w 2 )£ 
= 0, 

therefore, A' is symmetric in 7i($, © £. 

Step 2. Let us show that ran (A' - A) is dense in H(®, $) © £ for A G C \ 1. 
Choose the vector {i^u, i^tt} with u; = A. Then 



(2.9) 



Na(> 





$(A)«- A^(A)m 



G A' - A. 



Since ran ($(A)w — A 1 i r (A)) = £ one obtains © £ C ran (A' — A). Taking F u u with 
uj 7^ A one obtains from (12.81) 



(2.10) 



MO 



(a)-A)M(> 
$(u;)m - A\P(u;)ii 



gA'-A 



and, hence, 



M(> 
o 



G ran (A' — A) for all uj ^ A. Due to the properties 1) and 2) 

of 7i($, \l/) one obtains the statement. 

Step 3. Let us show that A(<3>, \1>) = (A f )*. Indeed, for every vector 



F = {F,F'} 



/(•) 



It' 



and w G C \ E, v G £ it follows from ([22]) that 

(F',F^) W($)W) - (F , F^v) H ^ ^ = (/'N,(» H($ $) - (/,wN u (» m$) 

+ (u',V(u)v)r. - (u,<$>(uj)v)c 

= (f'(u;) - ujf(uj) + V - $(a>)*«, v) £ 

= 

Hence F G (A')* and *) C (A')*. 
Conversely, if 

if, K(-)h) H p t9) - (/, uK(-)v) W) + (u', *{u>)v) £ - (u, <f>(Q)v) £ = 
for some /, /' G TC(ip, if)), u, u' G C and all uj G C \ R, u G £, then 
/'(w) - ujf(uj) - ($(cu)*w - #(u;) V) = 



and, hence, F 



a 
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II, 



G A($,$). This proves that (A')* C 



S'tep ^. And finally, in view of (12.91) and the property (ii) of Definition 12.11 one 
obtains 

"0(A) = Pc(A($, *) - A) _1 |£ = *(A)($(A) - A*(A))~\ 

p(A) = J £ + AV»(A) = $(A)($(A) - A^(A))- 1 . 

Therefore, the pair {^p,ip} is a normalized Nevanlinna pair corresponding to the 
linear relation A(<&,ty) and the scale C. □ 

Remark 2.6. In notations of [TH] the pair {$, generates via (12. 2p the Weyl 
family of the symmetric operator 

S(d>, 9) = {{/, /'} : fj'e K(9, /'(A) - A/(A) = 0} 
corresponding to the boundary relation 



/ 



u' 
u 



f,f'eH(®,y),u,u'ejC, 
/'(A)-A/(A) = $(A)*u-*(A)V 



Remark 2.7. Mention that the linear space 

%i(T) : = {N w (-)u 
in general is not closed, since 

(N w (-)m, N w (-)w)«( v> v») = (Nu{w)u,u)c 



U — UJ 



and the operator l\L(a;) not necessarily is boundedly invertible. If, however, G 
p(N u (a;)) then 0^(T) is closed. Recall that in this case G p(N A (A)) for all A G C\R 
and, hence, all the subspace 91a (A) are closed. 
Let, the ovf 7(A) : C — > Ti be defined by 

(2.11) 1 (\):=P H (A-\)- 1 \c (AGp(2)). 

Proposition 2.8. Let A be a selfadjoint linear relation inTC® C and let {ip, ip} be 
the normalized Nevanlinna pair given by (12. 3p . Then the following identity holds 

(2.12) N^(A)= 7 (A)*7(^). 

Proof. Indeed, it follows from (I2.5P that the kernel N^(A) for the normalized Nevan- 
linna pair takes the form 

N^(A) = {P c RxPh){PhRu>\c) = 7 (A)*7(w). 

□ 

In general case one obtains 

N**(A) = ($(A) - A*(A))*N^(A)(*(o>) - 0*(u;)) 

= ($(A) - A^(A))* 7 (A)*7(cu)($(cu) - fltf (w)). 

The following statement formulated in terms of boundary relations can be found 
in [T51 Lemma 4.1] 
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Lemma 2.9. Let A be a selfadjoint linear relation in H © C, let {ip, ip} be the 
normalized Nevanlinna pair given by ( \2.3\i and lei dim£ < oo. Then: 

(i) ker if>(\) = for A G C\R iff PgdomA is dense in L; 

(ii) ker ip(\) = for A 6 C\M iff Pc ran A is dense in C. 

Proof. Let us prove the first statement. The set P c domA consists of the vectors 
u G C such that 



u 



r 

u' 



G A for some /, /' eH,u' G C. 



If there is a vector v G £ such that v -L u for all u G P^dom A then 










eA, 



and then if)(\)v = 0, <f(X)v = v, due to ( 12. 3ft . 

Conversely, if ip(X)v = for some jj^O, then in view of (12.31) 










v 



e A, 



and hence v _L PcdomA 

The proof of the second statement is similar. 



□ 



If the Nevanlinna pair {(f,ip} satisfies the first condition (i) in Lemma [2.91 then 
it is equivalent to a Nevanlinna function m G N(C). If, additionally, m(A) takes 
values in [£} for A G C \ R then the reproducing kernel Hilbert space TC(<p, ip) is 
unitary equivalent to the reproducing kernel Hilbert space 7i(m) with the kernel 
N™(A) (see ( II. ip ) via the mapping 

U:fe H{m) —> {I — Am(A))- V(A) G H((p, i/>). 

These spaces have been introduced by L. de Branges [T3]. The following statement 
can be derived from [3], however we will give a proof for the convenience of the 
reader. 

Lemma 2.10. Let m G iV[£], and let dim£ < oo. Then: 

(i) /(A) = 0(1) (X^oo) for all f G H(m); _ 

(ii) 7/j additionally, m G -/V [£] £/ien /(A) = O(t) (A^oo,) /or a// / G TC(m). 
Proof. It follows from the reproducing kernel property and Schwartz inequality that 



l(/(A),u) 



= K/(.), N A (.)«>«(m)| 

<II/(-)II«mI|Na(-HI«m 



H(m) 



^sm(X) 



3A 



-u, u 



1/2 



0(1) 



for all / G H(m) and u6£. If, additionally, m G iVo[£], then 



3A 



d(o~(t)u, u) 
\t- A| 2 



1 

A 1 
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for some finite measure da and, hence, 



(f(\),u)c = 0( 



A' 



□ 



2.3. Generalized Fourier transform. 



Definition 2.11. A selfadjoint linear relation A in 7i © £ is said to be £-minimal 
if 



(2.13) 



Ho = span{P w (A - A) _1 £ : A G p(A)}. 



In this section we show that every £-minimal selfadjoint linear relation A is uni- 
tarily equivalent to its functional model A((f,i/j), constructed in Theorem 12.51 The 
operator T : 7i — > TC((p, ip) given by 

(2.14) h i — ► (Fh)(\) = 7 (A)*/i = P C {A - A)" 1 /* (h G H) 

is called the generalized Fourier transform associated with A and the scale C. 

Theorem 2.12. let A be a selfadjoint linear relation in7i@C and let {<p,ip} be the 
corresponding Nevanlinna pair given by (12.31) . Then: 

1) The generalized Fourier transform T maps isometrically the subspace 7i 
onto TC(ip, ip) and T is identically equal to on Ti Ti Q . 



2) For every 
(2.15) 



/ 
u 



f 
v! 



G A the following identity holds 
E{\)F{f - \f) = [<p(\) -V(A)] 



u 
u' 



Proof. 1) For every vector h = j(u)u {ui G p{A), u G C) it follows from Proposi- 
tion [2]8] that 

(^)(A)= 7 (A)*7(^ = N^(AK 

Therefore, T maps the linear space span{7(u;)£ : uj G p(A)} dense in Ho onto the 
linear space span{N^'(-)£ : uj G p{A)} which is dense in H,((p,tfj). Moreover, this 
mapping is isometric, since 

{Th^h) HM) = (N^(>,N^(»^) 

This proves the first statement. It is clear from (I2.14p that Th = for h G Ti 7io- 
2) Let 

g = 7(ci})t> = Pn(A — c)) _1 t>, v E C. 
Then it follows from (ESJ), (12TTI) that 

" 



(2-16) 



ijj(ul)v 



(A-u)- 1 



1 


" ~ 




^5- 




V 


> 





[I + uiA-u)- 1 ] 



and hence 



, 0(ci))v 



Log 
ip(u))v 



G A 
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Since A = A* one obtains for all 



u 



r 

v! 



G A 



{f, 9)h ~ (f, ug) H + {u', ^{uj))c - (u, (p(w)v) £ = 0, v G C. 
This implies 

(2.17) ^(6j)*(f -Of) = if(u)u-ip(u)u', wGC\f. 

This proves the identity fl2.15p . 



□ 



Remark 2.13. In the case, when the linear relation A is £-minimal it is unitary 
equivalent to the linear relation A(ip,ip) via the formula 



Tf 
1 1 



(2.18) AM) = 
The operator T © Ic establishes this unitary equivalence. 



f 
1 1 



r 

v! 



G A 



3. Abstract interpolation problem 

Let X be a complex linear space, let £ be a Hilbert space, let Bi, B2 be linear 
operators in X, let C±, C2 be linear operators from X to 7i, and let K be a nonegative 
sesquilinear form on X which satisfies the following identity 

(Al) K(B 2 h, B l9 ) - K(Bih, B 2 g) = (C.h, C 2 g) c - (C 2 h, C l9 ) c 

for every h,g G X. Consider the following 

Problem AIP(B U B 2 ,C U C 2 , K). Let the data set (B t , B 2 , C 1; C 2 , K) satisfies the 
assumption (Al). Find a normalized Nevanlinna pair {<£>, ^} G N(C) such that for 
some linear mapping F : X — > '0) the following conditions hold: 

C1/1 



(CI) (FB 2 h)(X) - XiFB^X) = [ ip(\) -V>(A) ] 

(C2) ||F/i||^ ) <Jif(/i ) /i) 
for all /i G <Y. 

Clearly ker = {/i G X : /i) = 0} is a linear subspace of X. Consider the 

factor space X = X /ker K and denote by h the equivalence class h + kerii' in X, 
h G X. Let A? be endowed with the scalar product 

(3.1) (h,g) H = K(h,g), h,geX 

and let TC be the completion of X with respect to the norm 

In examples (see Section E]) the linear space X has an original inner product. In 
order to avoid an ambiguity we denote by B + the adjoint to the operator B : 7i — ► Ti 
and by B* the adjoint to B : X — > X. 

Proposition 3.1. Let the data set (Bi, B 2 , Ci, C 2 , K) satisfies the assumption (Al). 
Then the linear relation 



(3.2) A 
is symmetric inTC® C 



B x h 
dh 



B 2 h 
C 2 h 



-.hex 
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Proof. The statement is implied by (13.21) since 







" B x h ' 




' B-ih ' 




' B 2 h ' 


C 2 h 




. c i h . 


/ ) H®C \ 




1 


C 2 h 



K(B 2 h, B 1 h) - K(B 1 h, B 2 h) - (C x h, C 2 h) c + (C 2 h, C X K) C = 0. 



□ 







' Ic " 




' PciA-X)- 1 ^ ' 


<p{\) 




A Ic 




Ic 



Remark 3.2. In general, the linear relation A need not be simple and its deficiency 
indices not necessarily coincide. 

Theorem 3.3. Let the data set (B x , B 2 , C x , C 2 , K) satisfies the assumption (Al). 
Then the Problem AIP(B X , B 2 ,C\,C 2 , K) is solvable and the set of its normalized 
solutions is parametrized by the formula 



(3.3) 



where A ranges over the set of all selfadjoint extensions of A with the exit in a 
Hilbert space TC © C D 7i © C The corresponding linear mapping F : X — >• 7i((p, ip) 
is given by 

(3.4) (Fh) (A) =P C {A- X)- 1 ^, heX. 

Proof. Sufficiency. Let A be a selfadjoint extension of A and let {if, ip} be the 
normalized Nevanlinna pair corresponding to A and the scale C, and let T : 7i —>■ 
H(if,ip) be the corresponding generalized Fourier transform given by (12.141) . Then 
the formula (13.31) is implied by (12.31) and in view of (I2.14p the linear mapping F : 
X — > TC(<f, ip) given by ( 13. 4ft is connected to T via the formula 



(3.5) Fh = Th, 

Since T satisfies the identity ( 12. 15ft and 



(h e X). 



B x h 
dh 



B 2 h 
C 2 h 



e A c A 



one obtains from ( 12.151) 

{FB 2 h){X) - \(FB 1 h){\) = {TB2h){\) - X{TB~Th){X) 



(3.6) 



C x h 
C 2 h 



V/i e n. 



= [f(X) -V(A)] 
Next, it follows from ( 13.11) and Theorem 12. 121 that 

limits) = ii^Hh(^) ^ \$\\h = K (h,h). 

This proves (CI), ((72) and, hence, {</?, i/;} is a solution of the AIP. 

Necessity. Let a normalized Nevanlinna pair {f,ip} be a solution of the AIP 
and let the mapping F : X — > 7i(if,tp) satisfies (CI), (C2). We will construct a 
selfadjoint exit space extension A of A such that (13.31) and (13.4D hold. 

Step 1. Isometric embedding of It into a Hilbert space. It follows from ((72) that 

(3.7) (Fh)(X) = for all h e ker K. 
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Thus F induces the mapping F : X — > TC((p, if}), which is well defined by the equality 
(3.8) h^(Fh)(X) = (Fh)(X), heH 

and is contractive due to (C2) 



\\(Fh)(\)\\ 



\\(Fh)(X)\\ 



< K{h,h) 



We will keep the same notation for the continuous extension of F to n. 
Let D = D*(> 0) be the defect operator of the contraction F defined by 



(3.9) 



i - f + f -.n-^n 



and let T> = ran/} be the defect subspace of F in n. Consider the column extension 
F of the operator F to the isometric mapping from n to T>©n{tp, if>) by the formula 

Dh 
Fh 



(3.10) 



Fh 



hen. 



Step 2. Construction of a self adjoint linear relation A. Let Ax, be a linear relation 
in T> defined by 

A v = {{DB^Dfyh} :hex} 
and let us show that Ax, is symmetric in V. Indeed, it follows from (13.81) . (13.91) that 



(3.11) 



{DB 2 h,DB 1 h) H - (DB 1 h,DB 2 h) n 

= ((I - F + F)BTh, BTh) H ~ ((I ~ F + F)B[h, B^h) n 
= K(B 2 h, B x h) - K(B 1 h, B 2 h) 

- {FB7h,FBJi) HM) + {FBTKFB^HM). 

As follows from (CI) 

(FB^h){\) - \{FBTh){\) = {FB 2 h){\) - X(FBih)(X) 



(3.12) 



In view of (12. 7p this implies 



[<p(X) 4>(X) ] 



dh 
dh 



Mh e X. 



FB t h 
dh 



FB 2 h 
dh 



e A(tp,if>). 



Therefore, the right hand part of (13. lip can be rewritten as 

K{B 2 h, B 1 h) - K(B 1 h, B 2 h) - {dh, dh)c + (dh, dh)c 

and hence it is vanishing due to (Al). 

Let Ax be a selfadjoint extension of Ax in a Hilbert space V D V and let A = 

A v ®A(<p,ip). 

Step 3. Linear relation A satisfies H 3 . 3 1) and (13. 4ft . Under the identification of the 
vector hen with Fh the symmetric linear relation A in n © C can be identified 
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with the symmetric linear relation 

At = {F © I C )A{F © Ic) 1 



DBth 
FB~Ji 



DB 2 h 
FB 2 h 
C 2 h 



hex 



in 7i := T>@'H{^p-,ip) @C Moreover Ai is contained in the selfadjoint linear relation 

A = A v @ A(<p,ip), 
since {DB 1 h,DB 2 h} e A v C A v and 



FB-Ji 
dh 



e 

The formula (13.31) is implied by the analogous formula for A(ip, ip) 



FB 2 h 
C 2 h 



since 







' Ic 


1 


_ ^(A) _ 




XIc 


Ic \ 







= P £ (^-A)- 1 | £ . 



Moreover, for every G A 1 one obtains 







^(A-A)- 1 



Fh 








□ 



= Pc(AM) - A)- 1 
= T{ip,i))Fh = Fh. 
This proves the formula (13.41) . since F/i is identified with h 

Remark 3.4. If {B\, B 2 , C\, C 2 , K) is a data set for the AIP in Nevanlinna classes 
then the data set (T 1? T 2 , Mi, M 2 , K) given by 

T 1 = B 1 -iB 2 , T 2 = B 1 + iB 2 ; 

M 1 = C 1 -iC 2 , M 2 = d+iC 2 , 

is a data set for the AIP in the Schur class. Recall (see [25]), that a contractive [£]- 
valued function is sa id to be a solution of the problem AIP(Ti, T 2 , Mi, M 2 , if), 
if there exists a map $ from to the de Branges Rovnyak space H^, such that 



{<f>Tih){t)-t{$T 2 h){t) 



I 



I 



M 2 h 
Mih 



and ||$/i||^ < K(h,h) for all h G X. One can check, that solutions of the prob- 
lems AIP(Bi, B 2 , Ci, C 2 , K) and AIP(Ti, T 2 , Mi, M 2 , K) are related via some linear 
fractional transformation and the result of Theorem 13.31 can be derived from the cor- 
responding result in [25]. However, we prefer to give a direct proof based on the 
de Branges Rovnyak space T-C(<p,i/j), especially since these spaces will be usefull in 
applications to some interpolation problems. 
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In general, the mapping F : X — > H(ip,ip) in (CI), (C2) is not uniquely defined 
by the solution {<p, ip} of the abstract interpolation problem AIP(B 1 , B 2 , Ci, C 2 , if). 
We impose an additional assumption on the data set: 

(U) B 2 — \E>i is an isomorphism in X for A in nonempty domains 0± C C±, 

which ensures the uniqueness of F. Let us set 

{B 2 -XB x y l (AeO±). 

Proposition 3.5. Let the data set {B\, B2, Ci, C2, K) satisfies the assumptions 
(Al), (U). Then the mapping F : X — > 7i{f,ip) in (CI), (C2) is uniquely defined 
by the solution {ip, ip} of the abstract interpolation problem AIP{Bi, B2, C±, C2, K) 
by the formula 

(3.13) (Fh)(X) = [<p(\) -V»(A)] G(X)h (A e £>±). 
Proof. Applying (CI) to the vector 

h = h tl := (B 2 - (iBj-ig (p G <D±, g G X), 

one obtains 

(Fg)(X) = (FB 2 h li )(X)- t x(FB l h ti )(X) 

(3.14) = (FB 2 h„)(X) - X(FB 1 h IM )(X) + (A - fi)(FB 1 h fl )(X) 

= [<p(\) -V(A)] Gbi)g + (A - ^)(FB!^)(A). 

Setting in f!3.14p A = //, one obtains 

(3.15) (F^)(/i)) = [^(/i) -^)]G(/i)<? (/ieO ±)9 G4 

□ 

4. Description of solutions of abstract interpolation problem. 

In view of Theorem 13.31 a description of the set of solutions of the AIP is reduced 
to the description of ^-resolvents of the linear relation A. The later problem can be 
solved within the theory of ^-resolvent matrix [301 E3] . In this section we will treat 
both the nondegenerate (ker A" 7^ {0}) and the degenerate case (ker A" 7^ {0}). In 
the case when the form K(-, ■) is degenerate it will be more convenient to calculate 
the resolvent matrix of some auxiliary linear relation Aq which is a restriction of A. 

4.1. Symmetric linear relation A and boundary triplet for A + . In this section 
we impose some additional assumptions on the data set (Bi, B 2 , C\, C 2 , K). 

( A2) dim ker K < 00 and X admits the representation 

(4.1) X = X + ker A, 

such that BjX C X (j = 1, 2). 
(A3) B 2 = Ix and the operators B x \x : X C 7i — > H, Ci\x , C 2 \x X C.TC —> C 
are bounded. 



G(X) 



c 2 
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Due to the assumption (A2) one can identify X with X = X /ker K and consider 
the space TC as a completion of X . The continuations of the operators B x \x , Ci\x , 
C 2 \ Xo will be denoted by B x G [TC], C u C 2 G 
Define a linear relation 



(4.2) 



An 



B x h 
C x h 



B 2 h 
C 2 h 



: h G X Q 



in a Hilbert space TC®£- Clearly, A is a restriction of the symmetric linear relation 
A which can be rewritten as 



(4.3) 



.4 



Bih + Biu 
C x h + C x u 



B 2 h + B 2 u 
C 2 h + C 2 u 



: h G Xn, u G ker K 



In view of (A3) the closures of Aq and A take the form 



(4.4) 



A : = clos Aq 



Bjh 
C x h 



h 
C 2 h 



■.hen 



(4.5) 



clos A 



B x h + B x u 
C x h + du 



C 2 h + C 2 u 



: h E H,u E ker K 



Recall the definition of the boundary triplet for nondensely defined symmetric 
operator. 

Definition 4.1. [22], [M] A triplet n = {£, T x , T 2 }, where I\ : A + -> £, z = 0, 1, is 
said to be a boundary triplet for A + , if for all / = {/, /'}, ^ = {g, g'} G A + ; 

if, 9)h®c - (f, 9%®c = (IV, T 2 g) c - (T 2 f, T{g) c 



and the mapping V :- 



Ti 
r 



: A" 



is surjective. 



A point A G C is said to be a regular type point for a closed symmetric linear 
relation A if ran (A — A) is closed in TC © C It is well known that the set f){A) of 
regular type points for symmetric linear relation A contains C + U C_ and the defect 
subspaces 

m x (A) := (H@£) ©ran (A -A) 

have the same dimensions n+(A) and n_(A) for A G C + and A G C_, respectively. 
The numbers n+(A) and are called the defect numbers of the symmetric 

linear relation A. In the following proposition we show, that the symmetric linear 
relation A in (14.41) has equal defect numbers n+(A) = n_(A) = dim £ and, moreover, 
G p{A)- 

Proposition 4.2. Let the data set {B x , B 2 , C\, C 2 , K) satisfy the assumptions 
(A1)-(A3). Then: 

(1) the adjoint linear relation A + takes the form 

~={\ 9 ] \ 9 ']\ v'eA/e\ 
9 \l v \i v ' \ ) ' 9 = B tg' + ctv' - C+v 



(4.6) 



A' 
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(2) the set p[A) of regular type points for symmetric linear relation A contains 
the resolvent set of the linear relation B^ 1 

p(B^) = {A G (C\ {0}) : 1/A G p{B x )} U {0} if B, G [H] 

and the defect subspace yi\(A) for A G p(B^ 1 ) consists of the vectors 



(4.7) 



-F{X)+u 



u 



u G £, 



where F(X) = (C 2 - ACi)(J« - XB^- 1 ; 
(3) a boundary triplet U = {£, Fx, Tz} for A + can be defined by 



(4.8) 

Proof. 1) Let 



?ig = -v + C x g\ T 2 g = v' - C 2 g' ■ 



9 



9 

v 



9 
v' 



eA + ( g ,g'en;v,v'eC). 



Then it follows from (14. 4p that 

[g', B^n - (g, h) H + K, C x h) c - (v, C 2 h) c = 
for all h G TC and, therefore, 

B+g'-g + C+v'-C+v^O. 

This gives the equality 

(4.9) g = B+g' + C+v'-C+v. 

2) It follows from (TOD that 



(4.10) A - X 

and, hence 



BJi 



ran (A — X) 



(In - XBj)h 
(C7 2 -XC x )h 



:heH 



h 

F{X)h 



: hen 



where F(X) = (C 2 — XCi)(I-)i — XB\) 1 . Therefore, ran (A — A) is closed for all 
Xe P (Bi\ 

If A G p(S 1 " 1 ) and g G ^Ia(^) then g' = Xg, v' = Xv. Substituting these equalities 
in (14.91) one obtains 

(I H -XB+)g = -(C+ -XC+)v. 
This proves the second statement since 

9 = -F(X) + v. 

3) For two vectors 



./ 



./ 

v 



r 

v' 



9 

v 



9 
v' 



G A + 
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one obtains 

(/', 9)n ~ (/, g')n + (u, v) c - (u, v') c = (u',v) c - (u, v') c 

+ (f , Big' + C+v' - C+v) n - (B+f + C+u - C+vf, g') H . 
Then the right hand part of (14. lip takes the form 

{Bxf, 9% ~ (/', 5i<7% + (C 5 !/', t/)/: - (C 2 f, v) c 

- (u', C x g') c + (u, C 2 g') c + (u', v) c - (u, v') c 

= (C 2 f, C x g') c - (C 1 f, C 2 g') c + (CJ', v') c - (C 2 f, v) c 

- (u, Cig') c + 0, C 2 g')c + K, v) c - {u, v') c 

= (C 2 f - u\ C l9 ' - v) c - {C x f - u, C 2 g' - v') c . 

Clearly, the mapping T : A + — > £ © C is surjective and hence the triplet {£, Ti, T 2 } 
is a boundary triplet for A + . □ 

4.2. ^-resolvent matrix. Recall some facts from M.G. Krein s representation the- 
ory (|31j. [T7]) for symmetric linear relation A in TC®C Let us say that A G p(A, £) 
if A is a regular type point for A and 

(4.12) ft © £ = ran (A - A) + £. 

For every A G p(A, £) the operator valued function V(X) : — >■ £ is defined as a 
skew projection onto £ in the decomposition (14. 12ft and Q(A) : ft — >• £ is given by 

(4.13) Q(A) = P C (A - X)-\I - V(X)), A G p{A, £). 
Let the operator-valued functions V(X) + and Q(A) + be given by 

(4.14) V{\) + u = {V(\) + u, \V(\) + u}, ueC, 

(4.15) Q(\) + u = {Q(\) + u, u + \Q(\) + u}, ueC, 

where P(A) + , Q(A) + : £ — ► ft are adjoint operators to P(A), Q(A) : ft — > £. The 
role of the ovf's V(X), <2(A) is clear from the following theorem. 

Theorem 4.3. |3Dl 133102!. Let 11= {£,ri,r 2 } be a boundary triplet for A + . The 
set of C-resolvents of A is parametrized by the formula 

(4.16) P c {A-\)- l \ c = (wu(X)q(X) + w l2 (X)p(X))(w 21 (X)q(X) + w 22 (X)p(X))- 1 

where (p, q) ranges over the set A/"(£) of Nevanlinna pairs and the block matrix 
W(X) = (w ij (X))l i=1 is given by 



(4.17) Wnc(X) 



-r 2 Q(xy r 2 v(xy 

-r x Q(A)* I\Q(A)* 



Xep{A,£). 



In the following Theorem we calculate all the objects of M.G. Krein representation 
theory V(X), Q(X) and the £-resolvent matrix Wnc{X) for the linear relation A 
in (@3I). 

Theorem 4.4. Let B x , B 2 , C x , C 2 , K satisfy the assumptions (Al) — (A3). Then: 
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1) p(A, £) = p(B^) and for A G p(A, £), the ovf's V(X), Q(A) are given by 

f 



u 



f 

u 



(4.18) P(A) 

(4.19) Q(A) 
(2) The adjoint operators to V(X), Q(A) 

(4.20) V(X) + u 

(4.21) Q(X) + u = 



u-F(X)f, fen, ue£, 

--C 1 (I H -XB 1 )- 1 f, feH; 

-> £ take the form 
ue £, Xe p(A,£), 



ft 
£ 



-F(X) + u 
u 



(I H - XB+^C+u 




u e £, X e p(A,£); 



(3) The C-resolvent matrix Wuc{X) corresponding to the boundary triplet IT takes 
the form 



(4.22) Wnc(X) 



-Ic 
A -I c 



+ iX 



Cj 
C 2 



(I n - XB.y 1 



C 2 



J 



Proof. 1) Assume that A G p(A, £) and the decomposition (14. 12p holds. Then for 
/ G n, u G £ there are unique hen and v G £ such that 

(4.23) (I n - XBi)h = f, (C 2 - XC x )h + v = u. 

This implies, in particular, that A G p(Pf *). Conversely, if A G p(B^ 1 ), then the 
equations (14.231) have unique solutions hen and v G £ and, hence, A G p(A, £). 
In view of (14.231) these solutions take the form 

" / 



(4.24) h=(I H -XB 1 y 1 f, v = V(X) 

It follows from (Q5|) . (jOll and (T4~TUD that 



■it 



Q(A) 



./ 



P^^-A)- 1 



Pr 



Px/t 



= C7 1 (/ W -AP 1 )- 1 /- 
2) The formulas (ODD , (fl~2lD are implied by 

/ 



V(X) + v, 



(v,u-F(X)f) c 



' -F(X) + v ' 






V 


5 


u 



H®C 



Q(X) + v, 



f 

u 



(v,C 1 (I H -XB 1 )- 1 f)c 



{I H -XB+)- l C+v ' 









> 


u 
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Now one obtains from flUHD, (jOPjl and (Q|> that 

(4.25) T 2 V(X) + v = Xv + XC 2 F(X) + v, 

(4.26) T 1 V(X) + v = -v- XCiF(X) + v. 
Similarly (P5|) . fT4~2TD and g3J imply 

(4.27) r 2 Q(A) + ^ = v - AC 2 (/„ - XB+^C+v, 

(4.28) r!Q(A) + t; = XC X (I H - XB+^C+v. 
It follows from (j05j) - (jOgjl and (HT7|I that 

J -a 



WWA)* 
and hence 

W n£ (A) 







(I* - AB+)" 1 [C+ Ct-XCt] 



-I 

A -/ 

-I 

A -/ 



+ A 
Ic®c — A 



C*2 — AC*i 



Co 



(I* - A^)- 1 [C+ -C+] 
(In - XB 1 y 1 fit -Ct] 



□ 



Corollary 4.5. Let the data set (B x , B 2 , C Xl C 2 , K) satisfy (Al), (A2) and 
(A3') the operators Bi\ Xo , B 2 \ Xo : X C H — > H, Ci\ X{) , C 2 \ Xq '■ Xq C TC — > C are 
bounded, (B 2 — fiBi)X = X for some fi G M, and the continuations B\, B 2 
of the operators B]\ Xo , B 2 \ Xo satisfy the condition G p(B 2 — fiBi). 

Then one of the L-resolvent matrices can be found from 

-l 

W"(X) 



(4.29) 



-/ 
A -/ 



I + i{X- fi) 



C 2 



(B 2 -XB l )-\Bt -fiB\ 



c 2 



J. 



Proof. The data set 

(B,(B 2 - /2B,)- 1 , I x , d(B 2 - fiB,)- 1 , (C 2 - fid)(B 2 - fiB,)- 1 , K) 
satisfies the assumptions (Al)-(A3). Consider the linear relation A — fi 



A — fl 



B^Bj-fiBj)-^ 
L C 1 (B 2 -fiB l )- l h 



h 



(C 2 -fiC 1 )(B 2 -f,B 1 )- 1 h 



-.hen 



Due to (I4.24p its ^-resolvent matrix W(X) satisfies the equality 



-/ 
A -/ 



+ iX 



W(X) = 
C 2 - fiC x 



(B 2 -(X + fi)B 1 r 1 (Bt-fiBl 



C 2 - fiC x 



J. 
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Then the matrix W^(X) 
-l 



-I 
X 







W(X — n) is the £-resolvent matrix of A and, hence, 
i 

W(X-/j,) 



-I 
A -/ 



+ i(X - ji) 



C 2 



(B 2 -XB 1 )- 1 (B+- f iB+ 



Cy 

C 2 



J 



I 
fi I 



□ 



4.3. ^-resolvents of A. In the case when kerP is nontrivial we calculated the £- 
resolvent matrix of the linear relation A (c A). A Description of ^-resolvents of A 
is given in Theorem 14.31 In order to obtain a description of £-resolvents of A we 
will use the same formula and specify the set of parameters {p, g} G N(C) which 
correspond to £-resolvents of A via f)4.16p . 

Recall (see |38J) that every generalized resolvent Pn(A — A) _1 |7i of A corrrespond- 
ing to an exit space selfadjoint extension A in a Hilbert space H = TC © TCi can be 
represented as 

(4.30) P H (A - X)- X \H = (T(A) - A)" 1 , A e C+, 

where T(A) (A G C+) is the Strauss family of maximal dissipative linear relations in 
TC defined by 

(4.31) T(A) = {{Pf, Pf'} : {/, /'} G A, f - Xf G H}. 



Proposition 4.6. ([15], [T7]) Let A be an exit space selfadjoint extension of A, let 
T(A) be the Strauss family of maximal dissipative linear relations defined by (14.31)) . 
let {£,ri,r 2 } be a boundary triplet for A + . Then the pair {p, q] G N(C) is the 
Nevanlinna pair corresponding to A via (I4.16P if and only if the pair {p, q} is related 
to T(A) via the formula 



ran 



9(A) 
p(A) 



for some A G C_ 



TT(X) 

We will need the following simple statement 

Lemma 4.7. Let under the assumptions of Proposition \4- 6\ A be a symmetric ex- 
tension of A. Then: 

(i) A C A if and only if A C T(A) for some X G C + ; 

(ii) A C A if and only if TA C ran 

Proof. 1) The implication =^ is immediate from (14.311) . Conversely, assume that 
A C T(A). In view of ( 14.31ft for every {g, g'} G A there are {/, /'} G A and gi G Hi 
such that 

(4.32) f = g + gi, f' = g' + x gi . 

Hence 

(/'» /)« = (^» ^)w + ^(^1, 
Since A and A are symmetric this implies g\ = 0. Therefore, {g, g'} G A and hence 
Ac A. 
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2) The statement (ii) is implied by (i) since the inclusion A C T(A) is equivalent 



to TA C rT(A) = ran 



g(A) 

p(A) 



□ 



It follows from Lemma T4.7I that all Nevanlinna pairs corresponding to generalized 
resolvents of A have a common constant part TA. 

Lemma 4.8. Let A be the symmetric linear relation (14 .3D . and let {£, T\,T 2 } be a 
boundary triplet for A + . Then 

(i) TA is a neutral subspace in (C 2 , Jc) of dimension v := dimCker K; 

(ii) There is a subspace £ c£ and aJ^unitary operator V G [C 2 ] such that 

7({0}x£o) = rA 
Proo/. 1) It follows from (03]) and (gSJ that 



TA 



r 2 ? 



9^ 



-C 2 u 



u G ker 



Clearly, the subspace TA is finite-dimensional and 

dim TA = dim Cker K. 
The subspace IM is neutral since for every u G ker K one has 

(Tig, T 2 g) - [T{g, T 2 g) = (Ciu, C 2 u) c - (C 2 u, G x u)c 

= K(u, B lU ) - K(B lU , u) = 0. 

2) Let us decompose C into the orthogonal sum 

C = C © A, 

where £o is a subspace of £ such that dim£ = v. The subspace {0} x £ is J cr 
neutral and hence there exists a J^-unitary operator V G [C 2 ] such that V({0} x £ ) = 
TA. □ 

Let V be the J^-unitary operator, constructed in Lemma 14.81 Then 

(4.33) W(X) = (w t] (X))l J=1 := W UC (X)V. 

is also the £-resolvent matrix of Aq with the advantage that the £-resolvents of A 
can be easily described in its terms. 

Proposition 4.9. The set of all C-resolvents of A is parametrized by the formula 



(4.34) P C (A - X) \ c = (wii(A)<?(A) +w 12 (X)p(X))(w 21 (X)q(X) +w 22 (X)p(X)) 
where {p, q} ranges over the set M(C) of Nevanlinna pairs of the form 



-i 



(4.35) p(X) 



ho 
Pl (A) 



9(A) 



0c 
qi (X) 



{ Pl ,q 1 }eN(C 1 ). 



Proof. Let {p, q} be a Nevanlinna pair defined by 



<?(A) 
p(X) 



V 



9(A)' 
p(X) 



{ P ,q}eM(C). 
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It follows from Lemma [4. 71 that the formula 

Pc(A- Xy'lc = (wn(X)q(X) +w 12 (X)p(\)){w 21 (\)q(\) + w 22 (\)p(\))- 1 

establishes a 1-1 correspondence between the set of all £-resolvents of A and the set 
of Nevanlinna families {p, q} such that 

9(A)- 
p(X) 



(4.36) 
Since 



TA C ran 



A G C+. 



TA = V 



?1, and ran M 
the inclusion (14.361) is equivalent to the inclusion 



Vran 



9(A)' 
p(X) 



(4.37) 





Co 



C ran 



'q(X) 
p(A) 



A G C 



which, in turn, means that the pair {p, q} admits the representation (14.35)) . 



□ 



4.4. Description of AIP solutions. To describe solutions of the AIP it remains 
to combine Theorem 13.31 and Proposition 14.91 Let the ovf 0(A) be defined by 



(4.38) 9(A) 



I 
A / 



W(X) 



A 



c 2 



(I n -XB 1 )- 1 [C+ -Cf])V 



Theorem 4.10. Let the AIP data set satisfy (Al) — {A3). Then the formula 



(4.39) 



V>(A) 
0(A) 



9(A) 



9(A) 
p(X) 



(w 21 (X)q(X)+w 22 (X)p(X))- 1 



establishes the 1-1 correspondence between the set of all normalized solutions {0, ip} 
of AIP(E>i, B 2 , Ci, C 2 , K) and the set of all equivalence classes of Nevanlinna pairs 
{p, q} G N(C) of the form (14.351) . The corresponding mapping F : X — > 7i((f), ip) in 
(CI), (C2) is uniquely defined by the solution {0, ip}: 

(4.40) (Fh)(X) = [<p{X) -4>(X)] G(X)V Xo h (A G 0±), 

where 



G(X) 



Ci 
A. 



(In ~ XBi 



X 



(A G Oj 



and Vx is the skew projection onto X in the decomposition (14.11) . 

Proof. Indeed the description fl439|) is implied by (ET3jl . (Q4j) and (Q8"|) . 
Next, let g G (B 2 - ftBi)X (// G (D±). Applying (CI) to the vector 

h = h ii := (B 2 - uBij^g, 

one obtains 

(Fg)(X) = {FB 2 h,){X) - ii{FB l h IJ )(X) 

= [p{X) -^(A)] G(fi)g + (A - MFBthJiX). 
Setting in ( 14.411) A = //, one obtains 

(4.42) (Fg)(n))=[<p(ji) -^)\G^)g (// G 0±, g G X). 

The equality flQ2l holds for every g G (B 2 — ^B X )X Q (jjl G <D±). 



(4.4i; 
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Let g G X and let g n G (I?2 — f^Bi)X and g n ^ 9- Then taking the limit in 

(Fg n )(n) = [p{fi) -if>(ji)] G(fi)g n 

one obtains (I4.40p for g G Ao- To prove (14.401) it remains to notice that Fg = for 
all g G ker iC 

Theorem 4.11. Let the AIP data set satisfy (Al), (A2), (A3') and let 
I 



□ 



e"(A) 



A / 



W(X) 



I + i(X- n) 



Co 



{B 2 -XB 1 )- L {B+-^ 1 



1-1 



c 2 



J V. 



Then the formula 



(4.43) 



0(A) 



M (A) 



9(A) 
p(A) 



(4(A)g(A) + 4(A)p(A)) 



-i 



establishes the 1-1 correspondence between the set of all normalized solutions {4>,ip} 
of AIP(Bi, B 2 , Ci, C 2 , i^) and the set of all equivalence classes of Nevanlinna pairs 
{p, q] G N(C) of the form (14.351) . The corresponding mapping F : X — > TC(4>, ip) in 
(CI), (C2) is uniquely defined by the formula (14 .40 p . 

Corollary 4.12. Let the AIP data set satisfies (Al) — (A3) and let ranCj = C 
Then the formula 

(4.44) m(A) = (9n(X)q(X) + 9 12 (X)p(X))(9 21 (X)q(X) + 9 22 (X)p(X))- 1 

establishes the 1-1 correspondence between the set of all solutions m(X) of 
AIP(B>i, B 2 ,Ci, C 2 , K) and the set of all equivalence classes of Nevanlinna pairs 
{p, q} G N(C) of the form (OS]) . 

In the case when the AIP data set satisfy (^41), (^42), and (^43') similar formula 
can be written in terms of the mvf M (A). 

5. Examples 

5.1. Tangential interpolation problem. Let Xj G C + , G C d , r/j G C d (1 < 

j < n). Consider the following problem. Find m G N dxd := N(C d ) such that 

(5.1) m(X j )r Jj C ; (l<J<n). 

The problem (15.11) is called tangential (or one-sided) interpolation problem and was 
considered first by I. Fedchina [23] in the Schur class. In [23] , [2E] the inclusion of this 
(and more general bitangential) problem into the scheme of AIP was demonstrated. 
For the case of Nevanlinna class let us set B\ = I n , 

B 2 = diag (A x . . . A n ), C x = [ 6 ••■ £„ ] , C 2 = [ % 

and let 



Vn ] 



X, 



j,k=l 



be the unique solution of the Lyapunov equation 

(5.3) PB 2 - B* 2 P = C;d - C{C 2 . 
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Assume that P is nonnegative and nondegenerate and that ranC 2 = C d . Then the 
data set (P>i, B 2 ,Ci,C 2 , P) satisfies the assumptions (Al) — (A3). Consider the AIP 
corresponding to this data set. Due to Lemma [2.91 and Proposition 13.51 every AIP 
solution is equivalent to a mvf m(-) G ]\[d.xd an( j mapping F : TC —>■ TC(m) in 
(CI), (C2) is uniquely defined by (14.401) . Therefore, the conditions (CI), (C2) can 
be rewritten as 

(B 2 ~\)- 1 ueH{m) (ugC); 



(5.4) (Fu)(X) := [I d -m(A)] 



Ci 

c 2 



(5.5) 



\Fu\\ 2 H(m) < (Pu,u) (ue 



We claim that the problem ( 15.11) is equivalent to the problem (15.41) . (15. 5ft . Indeed, 
the condition (CI) takes the form 

£j - m{\)r] j 



A - A, 



u G H{m), u G C\ 

'J J j=i 

which is equivalent to (-B1). Moreover, if m(-) has the integral representation 

1 t 



m(\) = a + I3X + 



t-X 1 + 1 2 J 



where G C a!><d , a = a*, (3 > and cr(t) is a nondecreasing d x d- valued mvf, 
then the wf (Fu)(X) takes the form 



(Fu)(X)= P Vj + 
Due to [U Theorem 2.5] one obtains 



da(t)rjj 



(5.6) 



\ F AH{m) = u * 



U 



(t-X^t-Xj) 

da (t) 
[t-X^t-Xk) 



u. 



1 1 



j,k=i 



' *m(Xj) - m(X k )* 
V k T t Vj 

Aj — Ak 



U. 



j,k=l 



Thus, (15. 5 p is implied by (15. 6p and (15.11) . 

More general bitangential interpolation problems in the classes of Nevanlinna pairs 
with multiple points can be included in the AIP by using the data set (B>i, B 2 , Ci, C 2 , P): 

(1) B l = I N , B 2 = diag (J(A X ) . . . J{X e )), Xj G C \ R (1 < j < £), and J(A 3 ) is 
a Jordan cell, corresponding to the eigenvalue Aj 



J{X 3 



\ J 



(1<J< 



of the order rij, n = rii + n 2 + ■ ■ ■ + ng. 

(2) <?!=[£! ••• Cn], C 2 = ••• Vn ] 

(3) P is a nonnegative solution P of (15. 3p . 
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If the set {XjYj =l contains symmetric points then the solution P of the Lyapunov 
equation (I5.3P is not unique. Assume that there is a nonnegative nondegenerate 
solution P of (15.31) . Then the AIP corresponding to the data set (Bi, B 2 , Ci, C 2 , P) 
can be formulated as follows. Find a Nevanlinna pair {ip,ip} such that: 

"Ci" 
C 2 



(5.7) {Fu){\) := [p{\) -V(A)] 



(B 2 - \y 1 u e H{m) {u e C 



(5.8) \\Fu\\ 2 n(m) <(Pu,u) (ueC n ). 

One can show that every solution {tp,ip} of the problem (15. 7p . (15. 8p satisfies the 
Parseval equality 

\\Fu\\ 2 H{m) = (Pu,u) (ueC). 

Regular bitangential interpolation problems in the Schur and Nevanlinna classes 
were studied in [36], [9], [20], [2E], [E], [6], [3]. Singular tangential and bitangential 
interpolation problems considered in [21], [36], [20], [E], [12], [21] can be included 
in the above consideration by imposing the assumption (A2) on the data set. 

5.2. Hamburger moment problem. Let Sj G C dxd , j G N and let S n be the 
Hankel block matrix 

S n — ( s i+j)i,j=0- 

A <C dxd - valued nondecreasing right continuous function a(t) is called a solution of 
the Hamburger moment problem if 

(5.9) J t j da(t) = Sj (j G N). 

It is known that the Hamburger moment problem H 5 . 9 1) is solvable iff S n > for all 
n G N. Due to Hamburger-Nevanlinna theorem a function a(t) is a solution of the 
Hamburger moment problem (15.91) if and only if the associated mvf 

da(t) 



m(A) ' t-X 

has the following nontangential asymptotic at 00 

(5-10) m(A)~-« -f^ +0 (-i-_) (A^oo) 

for every n G N. 

Let £ = C d , let X be the space of all vector polynomials 

n 

(5.11) h(X) = ^h j X j , hj G £, 

j=0 

and let the nonnegative form K(h, h) be defined by 

n 

(5.12) /i) = (sj+khj, h k ) c . 

j,k=a 

Assume that all the matrices are nondegenerate and consider the closure 7i of the 
space X endowed with the inner product K(-, •). Then the closure M of the multipli- 
cation operator M Q in X is a symmetric operator in 7i. The moment problem (15. 9p 
is called indeterminate if the defect numbers of M are equal to d. As was shown 
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in [TU] the scalar moment problem (d — 1) is indeterminate if and only if there exists 
5 > such that 

(5.13) S n >5>0 forallnGN. 

Slight modification of the proof of this statement in [10] shows that the condi- 
tion (15.131) is also necessary and sufficient for the moment problem (15. 9j) to be 
indeterminate for arbitrary d. 

Let us consider the abstract interpolation problem in the class N dxd corresponding 
to the indeterminate moment problem (15.91) . Define the operators B\ , B 2 : X — > X 
and Ci, C 2 : X — > C by the equalities 

(5.14) B x h = k ^ X \ ] ~ h ° , B 2 h = h, dh = V Sj^hj, C 2 h = -h(0). 

Then the data set (B 1 , B 2 , C%, C 2 , K) satisfies the assumption (Al). (A2) is clearly 
in force, since ker.fr = {0}. Let us show that (A3) is also in force. 

Proposition 5.1. The operators Bi,C\,C 2 admit continuous extensions to the op- 
erators B\ E [H], and C\,C 2 E [H,C]. 

Proof. Let B\ be the closure of the graph of the operator B\. Then 

B' 1 = {{h,Mh + u} : h E domM, u E £}. 

As was shown in |31j p(M, C) = C in the case of indeterminate moment prob- 
lem (I5.9p . In particular, E p(M, £), that is 

ran^f 1 = ranM + £ = H, kerSf 1 = ranMn£ = {0}. 

Therefore B\ is the graph of a bounded operator in 7i for which we will keep the 
same notation. 

It follows from (I5.13P that for every polynomial h E X 



\Hn = K{h,h) = h* k s j+k hj 



j,k=0 



>sJ2 INI 2 > 5 IMI 2 - 

j,k=0 



Therefore, 

1 

and, hence, the operator C 2 : X C 7i — > C is bounded. Let us note that the bounded- 
ness of C 2 is implied also by the fact that E p(M, £), since C 2 h = Vm,c(^)^^ where 
Vm,cW * s the skew projection onto C in the decomposition 7i@C = ran (M — X)+C. 
The boundedness of C\ : X C TC — >• £ is implied by the equality 

(5.15) (CAu^ifl^M^j =K(B 1 h,u). 
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Indeed, it follows from (15. 15j) that 

\{Cih,u) c \ < KiB^B^y^K^uf 2 
= \\Bih\\ H (s u,u) 1/2 
< 

and hence C\ is bounded and 



< || j Bi||||so /2 ||||/i|| w ||m|| £ 



ICill < ll^il 



,1/2 1 



□ 



Remark 5.2. The definition (15.141) of C% can be rewritten as 

(5.16) dh = h(0), 
where the adjacent polynomial h is defined by 

(5.17) (HX),u) c = K^ h{X ^l h x {X \ u y ueC. 
Let us consider the [H, £ 2 ]-valued operator function 



(5.18) G(X) 



C 2 



(I-XB 1 y L , XeC. 



Recall some useful formulas (sec [29J) 



(5,9) (/-ABJ-^ ^jfW , (he X ). 

(5.20) dil - XB 1 )- 1 h = h{X), C 2 {I m - XB 1 )- 1 h = -h{X). 

The corresponding abstract interpolation problem can be formulated as follows. 
Find a Nevanlinna pair {<p } ^} G N(C d ), such that 

(5.21) Fh := [<p(\) -ip{X)] G(X)h e H(<p, ^); 

(5-22) \\Fh\\ 2 HM) <K(h,h) 
for all he X. 

Since the operators Bi, B 2 = I satisfy the assumption (U) the mapping F : X —>■ 
Ti,((p,ip) corresponding to the solution {<p, ip} of the AIP is uniquely defined (see 
Proposition 14.401) . Moreover, since ranC*2 = C it follows from Lemma [2.91 that any 
solution {ip, tp} of the AIP is equivalent to a pair {1^, m(A)}, where m e N dxd . 

Theorem 5.3. Let m be a solution of the AIP(Bi, B 2 , C\, C 2 , K), which assumes 
the integral representation (15.29ft . and let F : X —>■ TC((p,ip) be the mapping corre- 
sponding to the solution m and given by the formula ( 15.211) . Then: 

(1) a is a solution of the Hamburger moment problem (I5.9I) : 

(2) for every polynomial h e X one has 

(5. 2 3) lFm= £*$m, 

(5.24) \\Fhf H(ml = K(h,h). 
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Proof. For a monic polynomial h = mX j (u G C) one obtains from fl5.14p - fl5.18p 



(Gh)(X) 



Cl 

c 2 



(X j + XX 1 - 1 + --- + X j )u 



and hence 



(5.25) 



(Fh)(X) 



(X j 1 Sq H h X-Sj-2 + Sj-l)u 

-X j u 

[ I d -m(A) ] 0(A)/i 
(A i m(A) + A^Sq + • • • + Sj - X )u 
00 P 



t-X 



da(t)u. 



When j — it follows from f 1 5 . 2 5 1) and Lemma 12.101 that m(A) = 0(1) if A^oo. 
Setting j = 1 one derives from (15.251) that 

Am(A) + s = 0(1) (A^>oo). 

Therefore, m(A) = O(^) and applying Lemma [2.101 (ii) gives 



m(A) + 



Of 



A 2 



And similarly, for h = uX n one obtains from (Cl) (A n m(A) + soA n 1 + • • • + s n -\)u e 
7^(m), or by Lemma [2. 101 (ii) 



m(A) + ^ + --- + ^ = 0( 

A A n v 



A n+1- 



for arbitrary n£N. In view of Hamburger-Nevanlinna theorem this implies that a 
is a solution of the Hamburger moment problem (15 .9p . 

For arbitrary polynomial h = Y2j=o ^ the formula (15.251) can be rewritten 

as 

da{t)h{t) 



(Fh)(X) 



t-X 



Applying the formula for the inner product in 7i(m) (see [H Theorem 2.5]) one 
obtains 



l-^llw(m) 



/oo n 
(da(t)h(t), h(t)) = ^2 ( s j+kUj, u k ) c = K(h, h). 
"°° j,k=0 



This proves (I5.24p . 

Conversely, let a be a solution of the Hamburger moment problem (15.91) . Then 
it follows from (I5.23P and Theorem 2.5 from [3] that Fh 6 7i{m) for arbitrary 
polynomial h e X. This proves (Cl). (C2) is implied by the equality (I5.24p . □ 

To calculate the ^-resolvent matrix let us introduce a system of matrix polyno- 
mials {P n (X)}^ =0 orthogonal with respect to the form K: 

K(P jU , P k v) = v*u6 jk , j,keN 

and a system of adjacent polynomials {Pk(X)}^L 

'P k (t)-P k (X) 



v*P k (X)u = K 



t-X 



-u, V 



keN. 
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Proposition 5.4. For every u G £ the following formulas hold 

oo oo 

(5.26) C{u = J2Pk(t)P k (0yu, C* 2 u = -^P fe (t)P fc (0)*u. 

fc=l fc=0 

Proof. Indeed, for every j G N U {0}, u,v G £ one obtains from (15.141) . (I5.16P 

(C*u,P jV ) n = {u^C.P^c = tu,Pj{ti)v) c 

oo 

= (p^oyu^u = (Y^Pk(t)p k (oyu,p jV ) H , 
k=i 

(C* 2 u,P ]V ) H = (u,C 2 P 3 v) c = -(«,P,(0» £ 

oo 

= -{P 3 ^yu lV ) H = -(J2Pk(t)P k (0yu,P jV ) H , 

k=l 



□ 



Applying the formulas (I4.22p . (I5.20p and (15.261) one obtains the resolvent matrix 
©(A): 

oo oo 

O n {X)u = u-XC 1 {I- ASi)- 1 ^ P k (t)P k (0)*u) = (/ + a p k (x)p k (oy)u, 

k=0 k=0 

oo oo 

e l2 (\) u = xc^i - \Bi)-\Yl Pk(t)p k (oyu) = \J2 p k (x)p k (oyu, 

k=0 k=0 

oo oo 

e 2l {x)u = -xc 2 {i- XB{)-\Y,Pk(t)Pk{vyu) = -xJ2Pk(x)p k (oy u , 

k=0 k=0 

oo oo 

e 22 (x)u = u + xc 2 (i- xb 1 )- 1 (J2 Pk(t)p k (oy u ) = (i-xJ2 p k (x)p k {o)*)u. 

k=l k=l 

Application of general result in Corollary 14.121 gives the well known description of 
solutions of the moment problem (15. 9ft 

(5.27) / p& = (9 11 (X)q(X) + 6 12 (X)p(X))(6 21 (X)q(X) + 22 (A)p(A))- 1 , 
when the pair {p, q] ranges over the class N(C d ). 

5.3. Truncated Hamburger moment problem. Let So, S\ : ... : s 2n G C dxd . A 
C dxd - valued nondecreasing right continuous function cr(A) is called a solution of 
the truncated Hamburger moment problem if 

(5.28) J t j da(t) = Sj {j = 0, 1, . . . , 2n - 1) 

(5.29) J t 2n da(t) < s 2n . 



ABSTRACT INTERPOLATION PROBLEM 



31 



It is known that the problem (15. 28ft - (I5.29P is solvable if and only if S n > 0. A 
solution a of the problem (15.281) - (I5.29P is called "exact" if 



(5.30) 



t 2n da(t) = s 2n . 



Singular truncated Hamburger moment problem has been studied in [16] . [TT] . pQ. 



Theorem 5.5. ([15], [II]) Let S n 



be a nonnegative block Hankel 



2) ran 



matrix (sj G C ). The following assertions are equivalent: 
1) The problem ( 15. 28ft - (I5.29f) /ias an "exact" solution; 

Sn+l 

3) 5 n admits a nonnegative block Hankel extension S n . 

The equivalence (1) <^> (2) and (2) <£4> (3) were proved in [16] and [TT], respectively. 
Moreover, it was shown in [HJ that if the conditions l)-3) in Theorem 15.51 fail to 
hold then one can replace the right lower block s 2n i n the matrix S n by s' 2n in such a 
way that the new matrix S n ' = (s! 



i+j/i,j=0 



with = Si for i < 2n — 1 satisfies l)-3) 
in Theorem 15.51 and the sets Z(S n ) and Z(S' n ) coincide. 

In what follows it is supposed that S n satisfies the assumptions l)-3) of Theo- 
rem 15.51 We will need also the following statement from [HJ . 



Lemma 5.6. Let a block Hankel matrix S n = i 
Theorem \5.5\ and let the matrix T G <C NxN (N 

'0 d h 



T 



'i+jViJ=0 



satisfy the assumptions of 



(n + l)d) be given by 



■■■ I d 

Then there exists a matrix X = X* G <C NxN of rank X = rankS^ such that 

(5.31) XS n X = X, S n XS n = S n , Trail X C ranX. 

Let X be the space of vector polynomials h(X) of the form (15.111) of formal degree 
n and let the form K(-, •) be given by ( 15. 12ft . Define the operators Bi, B 2 : X — > X 
and Ci,C 2 : X — > £ by ( 15.141) . Then the data set (Bi, B 2 , Ci, C 2 , K) satisfies the 
assumption (Al). Choosing the basis 1, X, ... , X n in X one can identify X with 
and then the form K{-,-) is given by 

K(h 7 g) = (S n h 7 g), h,geC N , N=(n + l)d. 

The operators Bi, B 2 and C±, C 2 can be identified with their matrix representations 
in this basis 



(5.32) 
(5.33) 



Bi = T, B 2 



C\ — [0 Sq ... s n _i] , C*2 



'AT, 



o ... 0] 



:!2 
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Then B 2 - XB 1 — I N — XT is invertible for all A € C \ {0} 

'Id ... \ n h 



(5.34) 



G(A) 



Ci 

C 2 



(/jv - AT)- 1 



Ci 
C 2 



Since the operators i?i = T, B 2 = In satisfy the assumption (U) and ranC*2 = 
£ the mapping F : X — > H(ip,ip) corresponding to the solution {ip,ip} of the 
AIP(E>i, B 2 ,Ci,C 2 , K) is uniquely defined and any solution {(p,ip} of the AIP is 
equivalent to a pair {/^,m(A)}, where m G jydxd^ The corresponding AIP can be 
formulated as follows: 

Find a Nevanlinna mvf m G 7V dxd such that: 

(CI) Fh = [I d -m(A)] G(A)/i G H(m) for all /iG A 1 ; 

(C2) \\Fh\\ 2 H(m) < {S n h, h) for all heX. 

Proposition 5.7. Let m be a solution of the AIP(Bi, B 2 ,Ci,C 2 , S n ) . Then m 
admits the integral representation 

da(t) 



(5.35) 



m(A) 



t- A 



where a G Z(S n ). Conversely, if a G Z(S n ), then m is a solution of the AIP. 

Proof. Necessity. The same arguments as in the proof of Theorem 15.31 show that 
(CI) implies 

Let m(A) have the integral representation (15.351) and let us set 



(m) 



tJ'dcr(t) (j = 0,l,...,2n). 



(5.37) 

It follows from (I5.36f) that 

(5.38) sj m) = Sj for j = 0, 1, . . . , n - 1. 

The rest of the equalities (15.281) and the inequality (I5.29P are implied by the condition 
(C2). 

Let us show that for every polynomial h(X) = J2j=o UjX^, Uj G C d , the follow- 
ing equality holds 

(5.39) 



l^llw(m) 



j,k=0 



* (m) 
U k S j+k U j- 



Indeed, it follows from ( 15. 25ft that 

(Fh)(X) = [m(A) Am(A) + s 



(5.40) 

where u = col (uo, u\, 
(5.41) 



da{t) f tda(t) 



t-X 



X n m(X) + A n-1 So + 
t n da(t) 



+ s n -i] 



1 u 



t-X 



t-X 



u G H(m) 



u 



„) G C (n+1)d . Due to pQ Theorem 2.5] 



ll^ll«(m) 
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where 
(5.42) 



H+j 



i,j=0 



Then the inequality St } < S n in (C2) and <^M) imply that <^M and (I535]l hold. 

Sufficiency. Let a G Z(S n ) and let m be defined by (I5.35p . Then it follows 
from fl5~40l) that (CI) holds. 

The condition (C2) is implied by (jPIj) . (15T28D and (15T291 . since 



W(m) 



*£l m) « < u* S n u, ueC 



N 



□ 



In the regular case (when det S n 7^ 0) the solution matrix 0(A) can be calculated 
by (pEjgp . Since = S^C? and C 2 + = S' 1 ^ one obtains from (TOHD that 



0(A) = J M - A 



Ci 
C 2 



Then by Corollary 14.121 the formula (15.271) establishes the 1-1 correspondence be- 
tween the set of all solutions a G Z(S n ) of the truncated moment problem ( 15.28D - 
(I5.29P and the set of all equivalence classes of Nevanlinna pairs {p, q} G N dxd . 

In the singular case (det S n = 0) let us consider the matrix X G <C NxN which 
satisfies (15.311) . Then the decomposition 

X = ran X + ker S n 

satisfies the assumptions (A2), (A3), since TranX C ranX, and the solution matrix 
0(A) takes the form (14.381) . Now, let us calculate the operators C^C^ '■ C — > TC. 
For arbitrary h = Xg G ranX, u G £ and j = 1, 2 one obtains 

(CjXg^ct = (Xg,C*u) C N = (Xg, S n XC*u) cN = (Xg,XC]u) H . 

Therefore, C% = AQ, C+ = XC%, and the mvf 0(A) takes the form 



(5.43) 



0(A) 



■C(BC 



A 



C 2 



(I 



n 



\t)- 1 x[c; -cf\\v, 



where V G C 2dx2d is a unitary matrix such that 



V({0} x C) 



Ci 

-c 2 



ker 



and 



dim 



si 
-id 



si 

h 



Sn-l 





Sn-l 





ker S„ 



ker S„ 



Then by Corollary 14.121 the formula (15.271) establishes the 1-1 correspondence be- 
tween the set of all solutions a G Z(S n ) of the truncated moment problem ( 15. 28ft - 
(I5.29P and the set of all equivalence classes of Nevanlinna pairs {p, q] G N dxd of the 
form (OBI) . 
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